ON HALPERN'S CONJECTURE FOR CLOSED PLANE CURVES
TETSUYA OZAWA ABSTRACT .
Let c be a smooth closed plane curve given in general position. A bitangent of c is, by definition, a line which is tangent to c at two different points. Let B(c) and D(c) denote the numbers of all bitangents and all double points of c, respectively.
We prove here that if c has no inflection points, B(c) < D(c)(2D(c) -\). This is the affirmative answer to Halpern's conjecture. 0. Let c: 51 -» R2 be a smooth closed curve. If c is in general position, then c has a finite number B(c) of bitangents, that is, lines in R2 which are tangent to c at two points. A bitangent T is said to be exterior or interior, according as in small neighborhoods of the two tangent points of T to c, the curve c lies on the same side or on opposite sides of T. Let 11(c) and 1(c) denote the numbers of exterior and interior bitangents of c, respectively; B(c) = 11(c) + 1(c). We consider other two geometric objects; the double points and the inflection points. A smooth plane curve c has generically a finite number D(c) of double points and no triple points, nor more, and a finite number Halpern gave this question in [3] and conjectured that:
(i) any quadruplet (II, I, D, F/2) satisfying (1) with F/2 > 1 can be attained by a curve;
(ii) a quadruplet (II, I, D, F/2) with F = 0 should satisfy the inequality I < D2 -D and the equality 7 = 0 (mod 2) besides (1) in order to be attained by a curve.
In that paper Halpern mentioned that general examples show that (i) is true. We will see this in §3. He also said it can be shown that, if F(c) = 0, 7(c) is even and 7(c) < 4D2(c) + 275(c). The first part is proved by using a deformation argument in the sense of Banchoff (cf. [1] ), as follows: let c be a given curve with F(c) -0, and let d(c) denote the tangential degree of c. There is a curve cr, such that F(co) = 0, d(co) -d(c), and 7(cn) is even (for example, the curve c(l,m,n) with I = m = 0 and n = \d(c)\ = 1, defined in §3, Figure 7 , has an even number of interior bitangents; in fact, 7(c(0,0,n)) = n(n -1). en can be deformed to c preserving F = 0 in such a controlled way that the changes of 7 at the special position in the deformation can be observed. The only special position for which the integer 7 will change is as in Figure 2 . The interior bitangents appear or disappear in pairs. It follows that 7(c) is even since 7(cn) is even.
Therefore the main part of the conjecture is, if In §1 we prepare some tools for the proof of 7(c) < D2(c) -D(c), which is done in §2. In §3 we construct examples to prove the sufficiency part of the Theorem.
1. In the following, c denotes a smooth closed plane curve parameterized by arc length with only transversal self-intersection and positively curved; c"(t) = d2c(t)/dt2 > 0, at every point t G S1, makes sense by identifying the unit circle in R2 and R/27rZ in the usual way.
Since c' = dc/dt: Sl -> Sl is a covering map, the number of points t in S1 such that c'(t) = z, for a fixed unit vector z G S1, is equal to the tangential degree d = deg(c). Let a¿: S1 -> S1 (i = l,...,á)
be smooth maps such that for each ieS1,
-c'(t) = c'(a,;(i)) for any i, gi(t) = (c(at(t))-c(t))/\\c(at(t))-c(t)l and ft: Sl -» S1 the functions defined by fi(t) = c'(t) -gi{t) for i = 1,... ,d, where the symbol "-" in the definition of /, makes sense on the additive group S1. We have
Each (t,i) with t G /j_1(0) U f^1^) corresponds to an interior bitangent, and for each interior bitangent there exist two such pairs (t,i) and (s,j). Moreover, for such a pair (t,i), dgl(t)/dt = 0, and hence dft(t)/dt = c"(t) > 0. Therefore the number of i's with t G /,rl(0) U f~l(Tr) is equal to 2deg(/¿). Thus we obtain the relation between deg(/¿) and the number 7(c) of the interior bitangents as follows: LEMMA 1. (i) deg(/¿) >0 for i= l,...,d, and (ii) 7(c) = £¿deg(/¿).
The images c'([t,ai(t)])
and c'({a^t), t]) are equal to closed half-circles for each t. Hence, from the mean value theorem, it follows that the angles between c'(t) and c(ai(i)) -c(t) and between c'(t) and c(aa(t)) -c(t) are less than it for each t (see PROOF. This is trivial since the degree of g: S1 -> S1 is invariant under homotopies. Q.E.D.
We consider the residue Res(p) of each point p G A -A; Res(p) = Deg(w), where u: S1 -> T2 -A is such that u makes a small round at p positively. PROOF. If we take a continuous imbedding u = (a,b): S1 -+ T2 -A whose image w(Sx) is a sufficiently small square centered at p G A -A, then we easily find that gu: S1 -> S1 is a homeomorphism.
Hence, Res(p) = ±1.
Let v be obtained from u by parallel translation from p to sym(p) in T2. Then we have ä~(t) = 6(27r -t) and b(t) = a(2ir -t), where v = (a,b), and thus 9v(t) -gu(-t). 
This modification is called (M-2).
(i) The case that c has at least two inflection points: For any nonnegative integer 7, there exists a curve c such that (7(c), 79(c), F(c)/2) = (7,0,1), as the examples in Figure 6 show. Using the modifications (M-l) and (M-2), it follows that for any nonnegative integers 7, 79 and F/2 with F/2 > 1, there exists a curve c' such that (I(c'),D(c'),F(c')/2) = (I,D,F/2).
(ii) The case that c has no inflection points: Consider the family of curves c(l,m,n) defined in Figure 7 , where l,m and n are nonnegative integers. Combining these examples and (M-2), we finish the proof. Q.E.D.
